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Abstract Face hallucination is typically an ill-posed inverse problem, so it is essential to
exploit an effective norm-regularized underlying representation. Due to the under-sparsity or
over-sparsity, the widely used regularization methods, such as ridge regression and sparse
representation, lead to poor robustness in the presence of noise. In addition, standard forms of
penalty functions fail to account for the nature of heteroskedasticity of reconstruction coeffi-
cients, thus hardly providing optimal solutions in terms of accuracy and stability. To this end,
this paper derives the locally weighted variants of standard regularization representation from
Bayesian inference perspective, which impose the similarity constraint within the observed
image and training images onto the penalty function. Further, considering the reduced
sparseness of noisy images, a moderately sparse regularization method with a mixture of £;
and ¢, norms is introduced to deal with noise robust face hallucination. New determination
methods on weighting function and regularization parameter are particularly explored. Various
experimental results on public face databases as well as real-world images validate the
effectiveness of proposed method.
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1 Introduction

Face super-resolution, or face hallucination, refers to the technique of estimating a high-
resolution (HR) face image from low-resolution (LR) face image sequences or a single LR
one. Due to constrained imaging conditions in many scenarios, it is hard to capture HR face
images, and thus face hallucination is extensively used for pre- and/or post-processing in
vision related applications, such as face recognition, video surveillance and human-computer
interaction. A large number of theoretical and applicable works on face hallucination have
been carried out. It is universally acknowledged that current face hallucination approaches fall
into three categories: interpolation, reconstruction, and learning based methods. Among them,
learning based methods have aroused great concerns provided that they can provide high
magnification factors.

Learning based methods first learn a priori information from LR images and their corre-
sponding HR images in the database, and then reconstruct the HR counterpart assisted by the
obtained prior information. They can date back to the early work proposed by Freeman et al.
[12], who employed a patch-wise Markov network to model the relationship between LR
images and the HR counterparts. Thereafter, Baker and Kanade [1] developed a Bayesian
approach to infer the missing high-frequency components from a parent structure training
samples, and first coined the term “face hallucination”. Motivated by their pioneering work, a
class of dictionary learning methods has gained popularization recently, in which image
patches can be well-approximated as a linear combination of elements from an appropriately
designed over-complete dictionary.

All dictionary-learning-based methods are equipped with representation methods to solve
optimal coefficients in terms of accuracy, stability and robustness. Least-squares (LS) is the
most commonly used representation in face hallucination. Chang et al. [ 7] proposed a neighbor
embedding (NE) based face hallucination method. It uses a fixed number of neighbors for
reconstruction, thus usually resulting in blurring due to under- or over-fitting. To alleviate this
problem, [2] used a nonnegative constraint on solution to enhance visual results. By incorpo-
rating the position priors of image patch, Ma et al. [23] introduced a position-patch based
method to estimate a HR image patch using the same position patches of all training face
images. To reduce residual errors, Park et al. [27] proposed an example-based method to
recursively update a reconstructed HR image. In [28], the Huber norm was adopted for data
fidelity term instead of ordinary squared error to improve robustness against outliers. However,
face hallucination is an under determined inverse recovery problem, while LS hardly provides
a stable and unique solution.

In contrast, regularization methods enable a global unique and stable solution by improving
the conditioning of the ill-posed problem. One of the most popular regularization methods is
ridge regression (RR). It can produce the solution of minimum energy subject to a squared £,
norm penalty. Liu et al. [22] proposed to integrate a global parametric principal component
analysis model along with a local nonparametric Markov random field model for face
hallucination, where RR is used to represent global face images. Motivated by their work,
Li and Lin [20] also presented a two-step approach for hallucinating faces with global images
reconstructed with a maximum a posteriori (MAP) criterion and residual images re-estimated
with the MAP criterion. To enhance the subset selection, Tang et al. [29] proposed to learn a
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local regression function over the local training set. The local training set is specified in terms
of the distances between training samples and a given test sample. Instead of roughly limiting
the spatial range of a training set in [29], Ref. [17] used a locality-constrained RR model and
gained impressive results. However, the quadratic penalty function of RR implies that images
are globally smooth and always leads to over-smooth or under-sharp edge images. A more
realistic image model should consider the fact that images are made of smooth regions,
separated by sharp edges.

Half-quadratic (HQ) minimization methods [8, 15, 26] are popular in numerous inverse
problems such as deblurring, super-resolution. On the basis of empirical observations and
theoretical verifications to a limited extent, [8] showed that non-quadratic penalty functions
favor edge-preservation and prevent loss of image details. Non-quadratic (especially non-
convex) regularization whereas needs computationally intensive nonlinear optimization. Thus,
half-quadratic reformulation of non-quadratic regularization was developed, in two different
ways: additive form and multiplicative form [15, 26]. Ref. [26] showed several commonly
used HQ regularizations, such as the g-th power of ¢, norm (denoted by /;%=}|-|), Huber
function, and Welsh function. Specially, £, regularization, also called bridge regression (BR)
introduced by Frank [11], minimizes the linear regression problem subject to a £, norm
penalty, which includes ridge regression with ¢g=2 and sparse representation with g=1 as
special cases. Cetin [6] used a {,* regularization method to enhance the resolution of point
targets of SAR images.

Owing to the well-established theory, sparse representation (SR) becomes more appealing
than RR or HQ method. Yang et al. [32] are the first to introduce £; norm SR to face
hallucination problem. Assume that natural images can be sparsely decomposed, they pro-
posed a local patch method over coupled over-complete dictionaries to enhance the facial
profile. In [34], a modified version of SR was shown to be more efficient and much faster. To
address the biased estimate of LS [23], Jung et al. [18] applied convex optimization to
position-patch based approach. In [16], the idea of two-step face hallucination [22] was
extended to robust face hallucination for video surveillance, where SR was adopted to
synthesize eigenfaces. Zhang et al. [35] presented a dual-dictionary learning method to recover
more image details, with both main dictionary and residual dictionary learned by SR.

The SR based methods can capture salient properties of natural images, and yet £; norm SR
turns out to be over-sparse for face hallucination. This is primarily due to the fact that face
hallucination is a regression problem (pursuing prediction accuracy) rather than a classification
problem (seeking discriminability in sparse features). Fan and Li [9] studied a class of
regularization methods and proved that ¢; norm shrinkage produces biased estimates for the
large coefficients and could be suboptimal in terms of estimation risk. Meinshausen et al. [24]
again showed the conflict of optimal prediction and consistent variable selection in ¢;
norm. Comparing ¢; norm with elastic net (EN) proposed in [36], Li et al. [21] expressly
pointed out that the former is much more aggressive in terms of prediction exclusion.
Especially, we observe that £; norm results in considerable degradation of hallucination
performance in the presence of noise, either manually added Gaussian noise or unknown
noise caused by a variety of factors (such as environmental conditions, underexposure,
and the quality of acquisition devices). In the light of the discussions, we argue that the
underlying representation in face hallucination should maintain a reasonable balance
between subset selection and regression estimation. In order to capture the salient facial
features, it is sufficient and necessary to exert moderate sparse constraints, but sparsity
should not be overemphasized.
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With the popularization of sparse representation, its weighted variants are also
successively developed, such as iterative reweighted ¢; minimization [5] and weighted
{1 minimization with prior support [13, 19]. The main idea is to exploit a priori
knowledge about the support of coding coefficients so as to favor desirable properties
of solution. In particular, Friedlander et al. [13] theoretically proved that if the partial
support estimate is at least 50 % accurate, then weighted ¢; minimization outperforms
the standard one in accuracy, stability, and robustness. Intuitively, the geometric locality
in terms of Euclidean distance can be treated as intrinsic prior within the observed LR
image and training images. Alternatively, previous studies on the local learning para-
digm [30, 33] revealed that locality of learning methods is very essential to recognition
problems (e.g., face recognition) or regression problems (e.g., face hallucination).
Therefore, if we enforce a geometric locality constraint on regression coefficients to
induce a weighted sparse representation, the improved hallucinated results can be
expected.

In this paper, we propose a locally weighted sparse regularization (LWSR) to boost face
hallucination performance. It incorporates distance-inducing weights into penalty function to
favor the engagement of near training bases. Particularly, we suggest a mixture of £; and ¢,
norms to handle noise robust face hallucination in practical applications. The major contribu-
tions of this paper lie in three-fold:

1)  We are the first to observe the heteroskedasticity of regression coefficients and thereby
derive a locally weighted penalty under MAP inference framework to promote accuracy
and stability of the solution.

2) We introduce a moderately sparse regularization method with a mixture of ¢; and £, norms
(referred to as ¢, , norm for short) to model the statistically less sparse nature of noisy
images. It outperforms any counterparts in the presence of noise.

3) To perform face hallucination task with proposed representation method in an effective
and efficient way, we devise new determination methods for distance and weighting
functions as well as regularization parameters.

In our previous work [31], we introduced a weighted adaptive £, sparse regulari-
zation method to model the sparsity behavior of face hallucination. Experimentally,
our newly proposed mixed ¢;, norm representation turns out more pronounced in
terms of accuracy and computational efficiency. More importantly, the local weighting
mechanism is justified from the perspective of heteroskedasticity in this paper for the
first time.

The remainder of this paper is organized as follows. Section 2 introduces locally weighted
regularization. Section 3 particularly presents £; , norm regularization for hallucinating noisy
images. Section 4 addresses several practical issues in face hallucination. Various experimental
results are shown in Section 5. In Section 6, we conclude the paper.

2 Locally weighted £; norm regularization
In this section, we focus on the Bayesian inference of locally weighted ¢, regularization. The
representative reweighted methods in compressed sensing will be surveyed first, which are

also used for anchors in the experiments in Section 5.2.
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2.1 Survey of reweighted methods

To simplify presentation, some notations are specified firstly. N is the size of a test sample (an
image or an image patch) and M is the number of basis samples in the training set (or
dictionary). Vector x denotes N-dimensional test sample and YeR"** represents a training
set with i-th column being the sample Y;. weR"*! stands for an unknown coefficient vector,
whose entries w;, i=1,2,...,M are associated with individual bases in the training set.

Various weighted methods have been devised to enforce the desirable properties of standard
regularization, compact or robust, for instance. Consider a common form of the weighted ¢,
minimization problem:

w*:argmin{Hx—YwH%+)\HI‘WH1}, (1)
w

where I is a diagonal matrix with positive weights I';, i=1,2,...,M on the diagonal and zeros
elsewhere. Just like its non-weighted counterpart, this convex problem can be recast as a linear
program, and so the optimization can be implemented readily using existing algorithms.

Different expressions on weights will lead to weighted penalties with quite distinct func-
tionalities. In [5], Candes et al. proposed an iterative reweighted £; minimization (RLM)
method to find maximally sparse representation from over-complete dictionaries, in which
weights T';, i=1,2,...,M are computed from the current solution:

I+1 1
FIH):Ta (2)
’Wi “"5

which is used for the next iteration such that more focal estimates can be produced as
optimization progresses. Parameter ¢ is introduced to ensure that a zero-valued component
does not strictly prohibit a nonzero estimate at the next step. Empirically, € should be set
slightly smaller than the expected nonzero magnitude.

In Refs. [13, 19], similar weighted ¢; minimization methods are used for signal reconstruc-
tion from compressed sensing measurements when prior support information is available. The
main idea is to choose weights such that the entries expected to be large are penalized less in
the weighted objective function. Khajehnejad et al. [19] employed such a weighted ¢,
minimization with prior information (WPI) to recover the unknown signal where two different
weights are assigned to the elements in the two sets with a respective different probability of
being nonzero, namely,

o C] ifiEKl
I‘l - {Cz ifiEKz ' (3)

In practice, because the support of the sparse signal is usually unavailable, a method was
suggested to obtain the approximate support set with two steps. A standard ¢; minimization is
first performed, and then based on the output, a set of entries corresponding to the largest
certain number of elements in magnitude is identified. The second step involves a weighted ¢;
minimization where the entries outside the approximate support set are penalized with a
constant weight larger than 1.

However, neither iterative reweighted £, minimization nor weighted ¢; minimization using
support information takes into consideration the spatial relationship of training set. In contrast,
locally weighted least squares (LWLS) combines points near a query point to estimate the
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appropriate output by using a distance weighted regression, leading to the following training
criterion:

w = argrvrvlin { ‘ ‘I‘(x—Yw) ’ ‘% } (4)

Given weighting function K and distance function d as well as query point ¢, weights are
computed by

T, = K(d(Yi,q))- (5)

Employing LWLS, Bose et al. [3] developed a super-resolution and noise filtering algo-
rithm, which shows to be useful in filtering the noise and approximating scattered data
simultaneously. However, LWLS only involves minimizing a weighted squared error loss
without considering penalty function. Unlike LWLS, we propose to weight penalty term
instead, which turns out to be more effective for face hallucination.

2.2 Bayesian inference of proposed weighted method

From Bayesian perspective, standard £; norm regularization corresponds to regularized least
squares with Laplace prior imposed on coefficients. All entries in the coefficient vector are
assumed to share quite identical variance, so called homoscedasticity in statistics. However,
Heteroscedasticity is a major concern of regression related problems. A collection of random
variables is heteroskedastic when there are sub-populations that have different variances from
others. For example, random variables of larger values often have errors of higher variances,
leading to weighted least-square method accounting for the presence of heteroscedasticity on
error statistics.

To examine whether heteroscedasticity exists in sparse representation, we order its coeffi-
cients with respect to Euclidean distances and then calculate their standard deviations at
different distances. Euclidean distances are measured between the input patch and basis
patches in training set. As shown in Fig. 1, the coefficients of near bases have larger standard
deviations than others, with the standard variances monotonically decreasing as growing
Euclidean distances. By a simple function fitting, this variation trend can even be approxi-
mated with / (d) = %, where d denotes distance. Evidently, the solution of linear model in
face hallucination problem obeys heteroskedasticity rather than homoskedasticity.

Given the observation vector x, MAP technique is often used to estimate the coefficient
vector w:

w o= argmax {logP (w’x) }, (6)

where logP(w|x) is the log-likelihood function. It follows from Bayesian theorem that the
following holds:

x) PW)P(x|w
P(wlx) = PJSZ;)) = P(E)‘ ) ’ ™)

or,
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10gP(w‘x) = logP(w) + logP(x‘w) —logP(x). (8)

Since the third term of the log-likelihood function is constant, it can be eliminated from the
optimization. Consequently, MAP estimator is alternatively given by

w = argrvrvlax {logP(w) + logP (x‘w) } 9)

To solve (9), the conditional probability P(x|w) and the prior probability P(w) must be
specified in advance. As usually assumed, the observation vector x is corrupted by zero-mean
1.1.d. Gaussian noise, we have

1 1
o

2 . .
where o“ describes noise level.
. T - .
The coefficient vector w=[wy,ws,...,wy,]" is assumed to obey independent zero-mean
multivariate Laplace distribution:

M

where p; = vl is a scale parameter indicating the diversity and o; describes the standard

variance of individual entry. As discussed before, coefficients are highly related to
distances and near bases take large magnitudes. Because w; is viewed as a zero-mean
random variable, o; or p; actually describes the coefficient energy. Therefore, we
assume that scale parameter p, is inversely proportional to distance. For simplification,
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let ji; =4, where d; denotes Euclidean distance and ;. is a common scale parameter,

we can rewrite (11) as
M

M
[14: Z |diwi
P(w) = (’;;)M expl — =1 . . (12)
According to (10) and (12), we have
logP(w) + logP(x‘w) = Nlog ! —I—MlogL
\V2mo 2u

M M
1 2
+ ; log(di)~>— { x=Yw| + /\; |dl-w,-|}, (13)
where A = % is the regularization parameter. From (13), the objective in (9) is equivalent to
M
minimizing the cost function {|x=Yw| 3+ AY |d;w;|}. Hence the ultimate optimization
i=1

objective becomes
M
w' = argmin {Hx—YwH% + )\Z |diwi} . (14)
w i=1

M
Let £, norm ||w||; = ¥ |w;| and D denote the diagonal matrix with diagonal elements
i=1

given by D;;=d;, (14) can be rewritten as
w :argmin{Hx—YwH%+>\HDWHI}, (15)
w

where A\>0 is an appropriately chosen regularization parameter, controlling the tradeoff
between the reconstruction error and the regularization penalty. D is a diagonal weighting
matrix with diagonal elements being Euclidean distances (or derivatives from distances).
|[[Dw]|; is actually the weighted variant of £; norm.

As for optimization on LWSR, by simple algebra, (15) can be turned into an ordinary ¢,
minimization problem. Let w=Dw, and thus w=D"'w/, (15) can be rewritten as

i} (16)

w" = argmin {Hx—YD_lw/Hg + )\‘ ‘wl
w/

which can hence be solved using popular £; minimization numerical algorithms.

We further use a numerical simulation to show how LWSR redistributes sparse coefficients,
in which the coefficients are learned by standard and weighted ¢, regularization methods over a
dictionary of 360 basis images. Figure 2 shows the cumulative percentage of coefficient energy
versus ordered bases in ascending distance. As for weighted case, the 50 nearest bases cover
more than 90 % of total energy while the rest bases carry a little. Especially, the curve remains
horizontal ultimately, which shows these associated bases do not carry any energy at all.
However, the cumulative percentage curve for standard £; norm keeps steadily increasing
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almost with a same slope, which shows that the bases at different distances make no significant
differences in terms of magnitudes. The 50 nearest bases only account for below 40 % of the
total energy and the proportion of 90 % allows over 300 bases. This simulated result manifests
that LWSR enables coefficient energy concentrated on the bases close to the observed sample,
thus explicitly encouraging the engagement of highly similar bases in reconstruction.

3 {1, norm regularization for noisy face hallucination

As shown previously, regularization methods are highly associated with specific prior assump-
tions on solution. Laplace prior in (11) and Gaussian prior expressed in the follow-up (17) are
two well-known ones proposed so far, which correspond to the £; norm sparse representation
and squared ¢, norm ridge regression, respectively. In this section, we develop two new prior
models and extend the regularization from £; norm to £;, norm, especially for robustly
hallucinating face images in the presence of noise.

2
(Z:L)Mexp _kuHz , (17)

P(w) =

M
where squared £, norm is the form of |[w||? = ¥ |w,|*.
=

3.1 Statistical properties of coefficients

Intuitively, noisy images may contain less sparsity than noiseless ones. To confirm this issue,
three kinds of images, namely, original noise free images, simulated noisy images and real-
world images are used to show sparse statistics. Original images are chosen from public face
database FEI [10]. Simulated noisy images are generated by adding zero-mean Gaussian white
noise of different standard deviations to the original images. The real-world images are taken
by ordinary surveillance camera under low-light conditions and are thus noisy and blurring.
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We learn coefficients using ordinary linear regression instead of sparse representation (the
generation of coefficients is free from the penalty term). When sufficient coefficient samples
are collected, we plot their histograms in Fig. 3.

In Fig. 3, peaks at or close to zero decrease steadily as the noise level grows strong. As
usually stated, a signal is sparse if most entries of its coefficient vector are zero or close to zero.
Therefore, this phenomenon shows that images tend to be less sparse with the increasing
amount of noise.

The under-sparse properties of noisy images can be well-comprehended by analogy with
their characteristics in frequency domain. Noisy images often contain richer frequency spec-
trum and thus are difficult to describe in a few low-frequency components. Sparse transform
may be viewed as a generalization of the Fourier transform, except for that its bases are no
longer fixed orthogonal Fourier basis functions but nondeterministic sample vectors from
specific training sets. Transform coefficients in both are used to describe the linear combina-
tion relationship of bases. Sparsity is characterized by the ratio of coefficients being zero or
close to zero. The shrinkage of sparseness is roughly comparable to the reduction of the
proportion of low frequency components suffering from noise.

Alternatively, the under-sparsity of noisy images can be justified from the perspective of the
solution of linear regression model. It is known that ordinary linear regression problem w"
= argmin , {||x~Yw]|3 } has a closed-form solution w*=(Y"Y) 'Y"x. We can see that the
magnitude of an individual entry in solution is proportional to the correlation term Y”x. Under
normal circumstances, a small number of the most relevant bases will result in large non-zero
coefficients (exactly a manifestation of sparsity) while most of the bases with weak relevance
generate zero coefficients. With the emergence and intensification of the noise, the relevance
measured by correlation function will become far weaker than ever. Consequently, the
situation in which the observed sample is extremely related to the minority in training set no
longer remains. Nearly equivalent relationship in terms of relevance with all bases will be
bridged, instead. Thereby, the peaks in coefficient distributions in Fig. 3 gradually decrease as
the noise grows strong.

Fig. 3 Coefficient histograms on Di035 T T I —
the images with different noise Original
levels 003 \ - Sigma=5
=T —— Sigma=10 [|
Real
0.025 —
002¢ -
z
o
0.015 —
0.01¢ -
0.005 -
0 == 1 1\ SR
-0.2 0.1 0.1 0.2
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3.2 Prior models

Since the sparsity in solution space varies with noise intensity, a question naturally arises: does
Laplace distribution sufficiently describe coefficient prior in both noise free and noisy
scenarios? To answer this question, we intend to use Laplace probability density function
(pdf) to fit the actual distributions in Fig. 3 and then examine the consistency between actual
and fitted distributions. Besides, we would like to try Gaussian fitting in (17) as well. To figure
out the most accurate fitting, we suggest a new pdf as follows:

P(w) = ;exp<_M), (18)

(2u)" z
which is herein referred to as ¢, distribution with scale parameter >0 and ¢, norm ||w]|»

M
= (Z \w,»|2> 12 Let w;, i=1,2,...,L be a set of coefficient vectors, where L is the number of
i=1

vectors, the maximum likelihood (ML) estimate of scale parameter 4 is given by

L
Z [[will,
_ = '

LM (19)

I

Further, the multiplicative combination of Laplace and ¢, distributions will lead to another
pdf in the following form:

(Gl
P = e el (20

which is called ¢; , distribution with ¢; , norm being combination form of |(1-c)llwll; +cllwll..
Parameter o, 0<«<1, controls the fraction of ¢, in the mixture distribution. We empirically set
it by maximizing the match of the fitted ¢, , distribution with the actual one, typically 0.9.
Scale parameter j is estimated by

L L
(1=a)> Wil + > Iwill,
o i=1 i=1

B= LM

(21)

In the follow-up, we examine their respective fitting performance to the actual distributions
under different noise levels. To obtain the fitted probability functions, we collect an image set
containing 400 face images from FEI database [10]. Among them, 360 images are used for
basis images and the remaining 40 for testing. Each image is divided into 180 small patches for
performing patch-wise training. Thus, each patch is associated with a 360-dimensional
coefficient vector. By a simple algebra, the total length of coefficients is 40x180%360=
2592000=2.592 million. Four fitted distributions are evaluated, namely, Laplace, Gaussian, ¢,
and ¢ ,, with their parameters estimated with ML method.

As seen in Fig. 4, the sharply-peaked Laplace distribution quite agrees with the actual one
under the ideal noise free conditions. As the noise level increases, in other words, sparsity
declines, Laplace does not fulfill the best approximation any more but seems over-sparse. In
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contrast, Gaussian, ¢, and ¢, priors gradually approach the actual distributions of noisy
images. Among them, ¢, , is the most fitted one while Gaussian is the least fitted. Even for
the case of noise free, £, still gives perfect fitting since it is a compromise of ¢; and &».
Gaussian prior seems far under-sparse for both noiseless and noisy images, while ¢, is
relatively neutral in terms of sparseness. These statistical observations indicate that £, , can
appropriately model the latent prior of unknown coefficients in the presence or absence of
noise. We can draw the same conclusion when we experience other kinds of noise such as
pepper salt, or change the noise levels.

3.3 {1, norm regularization

Under MAP framework, Gaussian prior corresponds to the well-known ridge regression.
Similarly, substituting the priors in (18) and (20) into MAP estimator in (9), we can deduce
the £, regularization in (22) and ¢, , regularization in (23), respectively.

w = argmin{Hx—Yw‘ ‘% + )\‘ ’w’ )2 }, (22)
w

. . 2
where regularization parameter \ = 2}—‘;

w" = argmin {‘ ‘X*YWH% + N\ ‘ ’w‘ ’1 + )\QHW‘ ‘2 }7 (23)

where regularization parameters are given by

2(1-a)o? = 2a0” ‘ (24)
[ [

A=

The mixture structure in (23) enables us to adaptively select ¢; or £, penalty and thus
overcomes disadvantages using either of them.

We then briefly investigate the sparsity in a qualitative way. In [9], authors proved that the
penalty functions have to be singular at origin so as to produce sparse solutions. Following this
finding, the ridge regression turns out non-sparse since its squared ¢, norm is differentiable at

zero. As for £ norm, it follows from [[w|2 = ¥ wif’ < (% il 42 3 [wilws]) = w12
i=1 i=1 i) i#]

that ||w||,<|/w||; holds, which implies that £, is less sparse than ¢;. Since ¢, , just compromises

¢, and ¢, in terms of sparsity, they allows to induce sparsity more aggressively in an order of £},

{5 and £,,. This proposition quite agrees with the probabilistic observation in Fig. 4. Against

the aggressive sparsity of £; norm, the moderately sparse ¢; , regularization is expected to be

favorable to noise robust face hallucination.

a b c

o
g
B T

| , \ EE—
by s v 3 o big o oy v o0z o o5 8 £ o 3 o

Fig. 4 Actual and fitted distributions of coefficients on images with different noise levels. a Original noiseless
images. b Noisy images with =5 Gaussian noise. ¢ Noisy images with 0=10 Gaussian noise
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Recall the idea of local weighting presented in Section 2, which can be extended readily to
¢, regularization and ¢, , regularization. Accordingly, the corresponding weighted variants in
(22) and (23) are expressed as

w = argmin{Hx—Yw‘ ’% + )\HDW‘ ’2 }, (25)
w

w = argmin{Hx—Yw‘ ’% + AlHDw’ ’1 + )\zHDsz } (26)
w
3.4 Numerical solution

To facilitate optimization on (25) with Lagrangian multiplier method, we rewrite its objective
function as

L(w) :% Hx—YWH% + AHDWHz . (27)

In spite of non-differentiability of £, norm at origin, the solution of face hallucination
problem cannot be zeroed vector. So, the partial derivative to (27) can be safely deduced as

g_va = Y7 (Yw—x) +) ﬁ. Further, let 3—5 =0, we have

-1

AD?
w= YTY+H7 Yx. (28)
DWH2

The optimal solution w* to (25) can thus be obtained by iteratively updating (28). In
practice, the initial value of iteration procedure is set to (YTY)/(Y'x) instead of zeroed vector
due to non-differentiability of ¢, norm at zero. Expression YY)(YTx) is just the solution of
ordinary linear regression. Note that, the solution to (22) can be seen as a special case in which
weighted matrix D is an identity matrix.

Again, we derive the numerical solution to (26). Because % = Qw, where Q is a MxM
diagonal matrix with Q; = ﬁ, 1<i<M, quite different from ¢, norm, ¢; norm is non-

differentiable at any zero entries. To avoid any singular problems, we introduce a smooth

approximation Q; = deﬁ’ where €>0 is a small constant. Similarly, we get the following
iterative formula:
-1
2
w=|Y'Y+)\Q+ D yry (29)
ow

In practice, the above two iterative algorithms are found to be very stable and usually reach
reasonable convergence tolerance within a few iterations.

4 Face hallucination via LWSR

In this section, we particularly address several practical issues on face hallucination in order
that the proposed underlying representation can be fully explored. We first discuss the
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determination methods on distance and weighting functions as well as regularization param-
eters, and then formulate a unified face hallucination algorithm based on studied techniques.

4.1 Distance function

LWSR introduces distance-inducing weights into penalty function. However, when the illu-
mination level of test image significantly deviates from those of training images, the efficacy
of LWSR may be restricted. Experimentally, it is unexpectedly observed that the peak signal
noise ratio (PSNR) of LWSR method is not higher than that of SR any more when LR test
images are reduced or raised in illumination, especially for reduced illumination. This degra-
dation is primarily due to the fact that the ordinary Euclidean distance cannot truthfully
measure similarity under varied illumination conditions. To address this issue, LWSR should
account for the possible illumination deviations among test image and basis images in practical
applications. By incorporating illumination compensation into measurement of Euclidean
distance, we thereby form an illumination-calibrated Euclidean distance metric:

dn(i.]) = || X (.Y ()| |o (30)

(Y,)7Y,,
XX
image in training set.

where g =

is a gain factor, X denotes test image and Y. stands for the m-th basis

4.2 Weighting function

The performance of locally weighted sparse regularization is closely related to the construction
of weighting matrix. As presented before, weighting matrix D is composed of Euclidean
distances or their derivatives, but how to figure out the derivatives is an unresolved issue.
Without loss of generality, we use a mapping function ¢(d):R—R to convert Euclidean
distance d into a new value. Such a mapping function is referred to as weighting function in
this paper. Two basic issues should be taken account into when designing a weighting
function. First, its maximum outcome should emerge at a maximum distance. Second, it
should grow smoothly as the distance increases.

To devise an ideal weighting function, we begin with the investigation into distance
statistics. Figure 5 shows that distance histogram is dominated by small components, which
can be well approximated by gamma distribution

F(li)&k d*exp (7 %) : (31)

where k>0 is a shape parameter and 0>0 is a scale parameter. According to the property of
gamma distribution, these two parameters can be estimated from mean  and variance o> of

P(d) =

samples: k = Z—;, 0= % The distance value related to peak (formally called mode in
statistics) is given by M=(k—1)6.

Provided that the gray level is normalized and the image is divided into low-dimensional
patches (3 x3=9 pixels), as shown in Fig. 5, the samples with distances less than 1 possess an
overwhelming proportion. Following the paradigm of non-uniform conversion, fine quantiza-
tion interval should be given to the region of higher probability density. Thus, ¢(d) should
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perform a non-linear rather than a uniform mapping so as to achieve fine conversion for small
distances. Specifically, ¢(d) varies more sensitively to small distances than to large ones. We
consider a simple weighting function which just raises the distance to a power:

¢(d) = d", (32)

where power term # is a real number larger than zero, controlling the sensitivity or discrim-
inability of mapping. We discuss the choice of optimal » in the following.

Mathematically, the sensitive response of the function to a given variable is equivalent to a
large slope with respect to this variable. We consider derivative ¢ (d)=nd""'. When n<1, the
derivative monotonically decreases versus d with ¢(d) more sensitive to small d. However, if
the power term 7 is too small, most of the distances will take small slope while only a very
minor proportion of small distances allow very large slope. More importantly, this small
portion of distances allowing large slope may occur at a low probability in the distance
distribution, as shown in Fig. 5. To prevent such improper mapping, we should find an optimal
value for n, which is responsible for the mapping sensitivity and distribution density. For a
given d value, we further consider the curve shape where the slope function ¢ (d) varies with
respect to n. Clearly, qu'(d) is a concave function with a maxima, which first increases and then
decreases as n increases. The n value corresponding to maxima is the desirable optimal power
term. Because ¢ (d) depends on a specific d value, we have to first find out a reliable d.
Theoretically, we should use the mode parameter of gamma distribution (i.e., the distance
value at peak) so that the distances which are most likely to occur enjoy the highest mapping
sensitivity.
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In methodology, we derive ¢ (d)=d"~'(1+nInd) from the slope function ¢ (d). The maxima
of ¢'(d) corresponds to qﬁﬂ(d)zo, leading to n=—1/Ind. Using aforementioned way, we get the
mode value of gamma distribution, denoted as dy, and then the optimal power term #n, is
obtained by

no Ifl/hldo. (33)
4.3 Regularization parameter

Regularization parameter has a significant influence on the learning performance of underlying
representation methods. Generally, too large values will lead to low regression precision or
under-fitting while too small values often result in poor robustness or over-fitting. Statistical
literatures suggest some generic parameter identification techniques, such as L-curve [4] and
cross-validation [25]. However, they are seldom applied to practical face hallucination because
they need prior knowledge about the range of parameter and spend a large amount of
computation. In practice, previous face hallucination methods [16—18, 32] manually choose
regularization parameter, which keeps tuning parameter until the best results are attained. This
empirical practice is relatively reliable, but it is cumbersome and computationally expensive,
suffering from repeated probing.

As a byproduct of MAP inference, (24) gives deterministic estimated values for A; and \,.
Therefore, we attempt to use these estimated values to perform optimization. To validate the
effectiveness, we testify four cases including noise free images, noisy images with two
different Gaussian noise levels, and the real-world images. In this verification, not only
estimated values are compared with tuned values, but also the hallucinated results with respect
to each value are evaluated in PSNR and structural similarity (SSIM) (because the reference
HR images are unavailable in real-world scenarios, PSNR and SSIM are not applicable). In the
empirical tuning method, the candidate parameters are experienced in a trial-and-error tactic
and the one corresponding to the maximum PSNR or the best visual effect will be used. The
numerical results are tabulated in Table 1, which is computationally based on the statistics of
coefficients generated by linear regression method. It is clear that the estimated values of )\
and ), are highly close to tuned values and maintain the same hallucination performance in
terms of PSNR and SSIM. Note that, we need to carry out an extra step to supply (24) with
statistics of coefficients.

4.4 Face hallucination algorithm

For face hallucination, the training set is composed of HR and LR face image pairs. The
primary task is to reconstruct the HR face from the input LR counterpart over training set.
First of all, we divide the training face images and the input LR face image into mutually
overlapping small patches using the same dividing scheme as [23]. Overlapping region is used
to smooth blocking artifacts suffering from patch-wise manipulation. The regularization
parameters, distances and weights are pre-computed with Egs. (24), (30) and (32) prior to
formal LWSR optimization. For each input LR image patch, it is approximated by a linear
combination of the LR patches from training set at the same position, where the optimal linear
combination coefficients are resolved with (26) with the help of the iterative algorithm
described in Section 3.4. Since the LR patches and the HR patches share the same manifold
topology [7], a new HR patch of the same position can be synthesized by keeping the
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coefficients and replacing the LR training image patches with the corresponding HR ones. By
concatenating all the HR patches to their corresponding positions and averaging pixel values in
the overlapping regions, we can get an estimate of the HR face.

5 Experiments and results

In this section, we conduct face hallucination experiments to extensively testify proposed
LWSR. Experiments are performed on two public face databases: FEI [10] and CAS-PEAL-
R1 [14]. A brief description of the datasets is provided along with the details of the
experiments in Section 5.1. In Section 5.2, local weighting on penalty is verified against other
representative weighted methods. Then, we validate the robustness against noise of several
sparse penalties in Section 5.3. The objective metrics, i.e., PSNR and SSIM index, will be
reported. Additionally, subjective performance is compared with the state-of-the-art methods
such as Chang’s neighbor embedding (NE) [7] and Yang’s sparse representation (SR) [32] in
Sections 5.4 and 5.5, where simulated LR images and real-world LR images are under test,
respectively.

5.1 Datasets and parameter settings

FEI face database The public FEI face database contains 400 images covering both genders,
different races and facial expressions. Among them, 360 images are randomly chosen as the
training set, leaving the remaining 40 images for testing. All the test images are absent completely
in the training set. All the HR images are cropped to 120% 100 pixels, and then the LR images with
30x%25 pixels are generated by smoothing and down-sampling by a factor of 4.

CAS-PEAL-R1 face database CAS-PEAL-RI1 is a Chinese face dataset, containing 30,871
images of 1040 subjects. We only use the neutral expression and normal illumination face of
each subject from the frontal subset for experiments. In all the 1040 frontal face images, we
randomly select 1000 images for training and leave the other 40 images for testing. All the
images are cropped to 112x 100 pixels, thus the size of LR face images are in 28 x25 pixels.

Test images Experiments are conducted on simulated LR images and real-world LR images.
Simulation experiments consist of noiseless images and noisy images. We view the original
images in databases as noise free ones. To obtain noise corrupted images, zero-mean Gaussian
noise with two different standard variances (0=5 and 0=10) are added to original images for
simulating noisy images. The real-world images are from realistic scenarios, contaminated by
unknown types of noise. Since training images in databases have already been aligned, they
should be pre-aligned by the positions of five manually selected feature points.

Parameter settings As stated in [17], patch size has a considerable influence on the super-
resolved results. Empirically, we set the HR patch size as 12x12 pixels and the overlap
between neighbor patches as 4 pixels, while the corresponding LR patch size is 3 %3 pixels
with an overlap of 1 pixel.

For the sake of fair comparison, we tune the parameters for all comparative methods to their
best results. The number of the neighbors K in NE is set to 50. The regularization parameter in
regularized methods is firstly assigned a preliminary value using the estimation way in
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Section 4.3, and then slightly refined to pursue the best performance. The ¢, , regularization
uses the parameters A\, and ), in Table 1, and the parameter A for different classes of images in
¢ norm SR is tabulated in Table 2.

5.2 Effects of different weighted methods

Various techniques are proposed to weight penalty and error terms in regularization methods
[3, 5, 13, 19]. To validate the superiority of our locally weighted method, we select several
representative weighted methods as the anchors: locally weighted least squares (LWLS) [3],
reweighted ¢; minimization (RLM) [5] and weighted £; with prior information (WPI) [19].
Among them, RLM iteratively updates £; penalty weights from the current solution so that
maximally sparse representation can be found as optimization progresses, while WPI assigns
two different weights to the elements in two sets by different probabilities of being nonzero. In
contrast, LWLS combines the points near a query point to estimate the appropriate outcome
through a distance weighted regression.

For fair comparison, all weighted methods are implemented under ¢; norm SR. Hence
LWLS weights error term while retains standard ¢; norm penalty term for maintaining the same
SR structure. RLM executes in an optimal reiteration times of 2. In WPIL, we construct
approximate support set by identifying the nearest bases instead of the largest elements in
magnitude as suggested in [19] because the former turns out to be more helpful. The standard
£ norm SR is used for benchmark in this experiment.

The results in PSNR and SSIM are shown in Table 3, which indicate that all weighted
variants really offer the better results than original non-weighted standard SR. Comparatively,
the biggest gain is given by LWSR as the locally weighted penalty promotes the accuracy and
stability of solution. More precisely, the distance-inducing weighting matrix imposed on the
penalty function encourages the near bases to cover large coefficients in magnitude. On the
other hand, the local weighting imposed on error term in LWLS only leads to a minor gain,
partially because face hallucination is not a classic regression analysis problem after all.
Classic regression analysis benefits from local learning on error estimation in that it usually
stores the training data in memory and finds relevant data in the database to answer a particular
query. The role of iterative reweighted £; minimization is to further sparsify the solution, yet
the gain by RLM is small. This evidently manifests that excessive pursuit for sparsity is not

Table 1 Determination of regularization parameters

Images Methods A\ A PSNR SSIM
Noise free Estimation 4.8e-5 4.2e-4 32.54 0.9137
Tuning 1.0e-4 1.0e-4 32.56 0.9138
o=>5 Gaussian Estimation 5.8e-3 5.2e-2 30.28 0.8682
Tuning 5.0e-3 5.0e-2 30.30 0.8683
0=10 Gaussian Estimation 1.3e-2 I.1e-1 28.43 0.8230
Tuning 1.5¢-2 1.0e-1 28.42 0.8227
Real-world Estimation 1.2e-2 I.1e-1 n/a
Tuning 1.0e-2 2.0e-1
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Table 2 Regularization parameter of SR

Images Noise free o=5 o=10 Real-world

A 1.0e-4 5.0e-3 1.5e-2 5.0e-3

only unnecessary but also useless for face hallucination problem. In contrast, the fact that WPI
offers a considerable gain shows that external prior information is very useful for sparsity
related applications.

5.3 Effects of different regularization methods

In Section 3, ¢, or ¢, is justified to be more favorable than ¢, for face hallucination in the
presence of noise. To verify the effects of different regularization methods experimentally, we
conduct another quantitative test to evaluate their PSNR and SSIM. Various typical regular-
ization penalty functions commonly used in image super-resolution are included, such as
squared £, norm (referred to as £,%) [17] in ridge regression, £ norm [6] in bridge regression
and ¢, norm [31]. Particularly, [17, 31] are our previously proposed ones. Note that £, differs
from £ in that it raises the latter to a power of ¢. Since the role of locality-inducing weighting
has been sufficiently verified in the above subsection, in Table 4, we merely compare their
respective locally weighted versions.
From experimental results in Table 4, we remark that:

1) ¢, gives better results than £, under the conditions of noise free, but the outcome is just the
opposite in the presence of noise. As shown in Fig. 4 in Section 3.2, these results exactly
agree with their respective prior approximations to actual distributions.

2) Among all penalty functions, £,> offers the worst results for noise free case. This is
partially due to the fact that £, is a non-sparse model as pointed out by Fan and Li [9]. On
the other hand, as the regression coefficients of noisy images contain less sparseness, £,7 is
slightly better than aggressively sparse £y, but is still inferior to £».

3) Both £, and £, give quite the same results as £; SR for noise free images as the optimal
parameter ¢ is tuned to 1, which again shows that £; SR indeed fits noiseless images. As a
generalization of £,%, €4 leads to slightly improved results for noisy images. So does the
comparison of ¢, with ;. Meanwhile, unlike strict £, norm, £,* penalty results in lack of
sparsity when ¢>1, so £, is inferior to €.

4) Regardless of noisy or noiseless images, ¢; , always achieves the best results. Especially, it
substantially outperforms any counterparts in noisy scenarios. Moreover, different from
sole ¢, £, does not lead to performance degradation relative to ¢; for noise free case,
owning to a compromise of £; and £,.

Table 3 Comparison of different weighted methods

Metrics SR LWLS RLM WPI LWSR
PSNR 32.17 32.28 32.32 32.57 32.93
SSIM 0.9069 0.9087 0.9091 0.9118 0.9172

Bold texts show the largest values

@ Springer



17292 Multimed Tools Appl (2016) 75:17273-17301

Table 4 Results by different regularization methods

Images Metrics 4 0 Ly} l ly b
Noise free PSNR 32.93 32.76 32.93 32.80 32.93 32.93
SSIM 0.9172 0.9148 0.9172 0.9155 0.9172 0.9172
o=5 Gaussian PSNR 30.15 30.29 30.36 30.45 30.47 30.61
SSIM 0.8536 0.8601 0.8628 0.8684 0.8688 0.8714
0=10 Gaussian PSNR 27.98 28.33 28.41 28.56 28.56 28.67
SSIM 0.7911 0.8134 0.8147 0.8224 0.8224 0.8253

Bold texts show the largest values

t, » though yieds small improvements against the second best method £, [31], yet it enjoys
far lower computational complexity. To illustrate this point more clearly, we provide a bit more
investigation into their solutions. As shown in (29), the numerical optimization on ¢,

M
minimization involves computations of ¢; norm ||w||; = Y |w;| and £, norm ||w]||; =
=1

i=

M
(Zl |wi\2) 12 Similarly, ¢, minimization problem iteratively computes ¢, norm ||w||,
=

M
= (Z \w,-|q> 1/4. The former mainly handles multiplicative calculation: w,;xw;, while the
i=1

latter has to deal with more computationally expensive power function: |w;?. Experimentally,
hallucination task employing £, » regularization is roughly 6 times faster than one employing £
regularization (53 vs. 379 in cpu-time unit), either on FEI database or on CAS-PEAL-R1 database.

In short, ¢, , is far superior over either £; or £, in terms of ubiquity and robustness. In the
subsequent subjective experiments, ¢; , eventually turns out to be the most promising and
applicable representation for face hallucination task.

5.4 Simulation results

In subjective tests, our methods are evaluated against Chang’s NE [7], Yang’s SR [32] and
plain Bicubic interpolation. Our two locally weighted sparse regularization variants such as ¢,
norm (WSR hereafter for short) and £, , norm (WL1,2 hereafter for short) get involved in this
comparison. The experiments are carried out on FEI and CAS-PEAL-R1databases with both
noise free and noisy images. Some of randomly selected subjective results on CAS-PEAL-R1
and FEI databases are shown in Figs. 6 and 7, respectively.

Similar performance can be seen in Figs. 6 and 7. For noise free case, we only discern slight
visual differences among the results of NE, SR, WSR and WL1,2 except that Bicubic
generates heavy blurring effects. For the cases of noise, SR based methods (SR, WSR and
WL1,2) can remove noise more thoroughly than NE because NE relies on ordinary least
squares. Comparatively, WSR partially reproduces facial features more clearly (see mouths)
than SR as it retains relatively more high-frequency components. By a careful examination, the

Fig. 6 Comparison of the results of different methods on CAS-PEAL-R1 face database: a Bicubic interpolation; p>
b Chang’s NE; ¢ Yang’s SR; d Proposed WSR; e Proposed WL1,2; f Original HR faces (ground truth). Top 3 rows
for noise free images; middle 3 rows for noisy images with 0=5; bottom 3 rows for noisy images with =10
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Fig. 7 Comparison of the results of different methods on FEI face database: a Bicubic interpolation; b Chang’s
NE; ¢ Yang’s SR; d Proposed WSR; e Proposed WL1,2; f Original HR faces (ground truth). Top 3 rows for noise
free images; middle 3 rows for noisy images with 0=5; bottom 3 rows for noisy images with 0=10

hallucinated images by WL1,2 look smooth and clean while SR or WSR still exposes some
un-smoothed noisy artifacts, especially on cheeks and noses. In addition, with the increasing
amount of interference noise, ranging from o=5 to =10, the visual perception variations
among different methods seems more distinguishable. Note that, the results on CAS-PEAL-R1
database are roughly cleaner than those on FEI partially because more training images are used
for CAS-PEAL-RI. This experiment again confirms that relatively conservative sparse repre-
sentation greatly benefits to noise suppression in the process of hallucination.

5.5 Experiments on real-world images

The input LR face images of all the above experiments are formed by smoothing and down-
sampling HR images, which cannot indicate the true spatial degradation relationship between
the HR image and the degraded LR one. In a realistic condition, it is too difficult for us to
simulate the image degradation process or know how different types of image degradation
processes affect the statistics of images. In order to further testify the efficacy of our method,
we perform two more experiments with real-world surveillance images and a photo picture.
First of all, robustness against noise is verified with low-quality images under realistic
surveillance imaging conditions. They are captured by a commercial surveillance camera in a
low-lighting environment, where the persons are far from the camera. Hence they unavoidably
contain noise and blurring effects. This experiment is conducted on CAS-PEAL-R1 database.

Fig. 8 Comparison of the results of different methods on real-world surveillance images: a Input LR faces; b
Bicubic interpolation; ¢ Chang’s NE; d Yang’s SR; e Proposed WSR; f Proposed WL1,2
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Fig. 9 The first row is the raw photo picture and the second row is the extracted faces used for testing

Firstly, we manually extract the faces of interest and crop them to the size of 28 x25 pixels.
And then, the images are manually aligned to training faces with respect to the eye, mouth and
nose positions. Finally, the input LR faces are generated by converting the cropped faces to
grayscale. Figure 8 shows the super-resolved results by our proposed and anchor methods.

We can obviously observe that WL1,2 offers the best results in the sense of de-noising and
visual fidelity. More specifically, W1,2 can preserve the same high fidelity for facial features as
Bicubic interpolation, and meanwhile avoids the inherent over-smoothness caused by up-
scaling. The visual quality by NE, SR and WSR appears overall similar although WSR can
eliminate considerably more annoying noise artifacts. Admittedly, the eyes in the last two rows
show slight deformation, even for the results hallucinated by WL1,2, which is primarily due to
the inaccurate alignment. The distinction between WSR and WL1,2 once again confirms that
sparsity of the underlying representation should not be over-emphasized in practical face
hallucination applications. Experimentally, our proposed method can yield acceptable results
even though the test images are generated in poor imaging conditions or in the presence of
heavy non-Gaussian noise.

In the second experiment, a color photo picture of MPEG meeting participants is used for
testing. The raw photo and the extracted faces of interest are shown in Fig. 9. Seen from the
second row of Fig. 9, the raw faces expose somewhat noise. This experiment is performed on
FEI database so that LR input images are required in 30%25 pixels. Because the extracted raw
faces are slightly larger than 30x25 pixels in size, a resizing is performed prior to pre-
alignment to training faces. In accordance with training sets, the raw faces in RGB format
have to been converted to YCbCr format. Since humans are more sensitive to illuminance
changes, we only perform super-resolution reconstruction in the luminance component. We
therefore interpolate the color components using plain Bicubic interpolation. The super-
resolved results for a collection of test images are shown in Fig. 10.

Compared with other four methods, we can see that WL1,2 is much more robust against
noise of unknown types or levels while maintaining sufficient visual quality. In essence,
WL1,2 regularization enjoys both advantages of saliency features readily grasped by ¢; and
moderate smoothness against noise contributed by ¢,. Evidently, our proposed WL1,2 method
can produce reasonable results even though the test images are drastically different from the
training samples.

Fig. 10 Comparison of the results of different methods on real-world photo picture: a Input LR faces; b Bicubic P>
interpolation; ¢ Chang’s NE; d Yang’s SR; e Proposed WSR; f Proposed WL1,2. (Note that the effect is more
pronounced if the figure of electronic version is zoomed)
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6 Conclusion

In this paper, we have proposed a novel locally weighted sparse regularization technique to
boost face hallucination performance. Our technique takes into account two primary statistics
of coefficients in sparse representation domain, i.e., heteroskedasticity and under-sparsity of
noisy images. Accordingly, distance-inducing weighting is enforced on penalty function of
sparse regularization to favor the locality of dictionary learning. A penalty of £, and ¢, mixed
norms with conservative sparseness is introduced to model the less-sparse nature of noisy
images. The resulting distance-weighted ¢, , norm regularization can significantly promote the
accuracy, stability and robustness of solution. Extensive experimental results on public face
databases and real-world images show its superiority over the state-of-the-art methods for face
hallucination in terms of PSNR, SSIM and subjective visual quality.
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